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'or continuous f, the integral fa f(x) dx is canor

. trapezoidal sums
T (£3a,b) = —~{-+ £(a) +J®  f(a +k(b-a)/1
n 77’ n 2 k=0

.s paper we establish some criteria for these sun
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- IR be continuous. We define the n-th canonical trape-
ion T_(f3a,b) of J‘Z £(x) dx by
n

f(a) + ] fla+k(b-a)/n) -5 £(b)},
k=0

1

a,b) = 5

1
- {-
n
investigate the sums Tn(xs;a,b) for s ¢ IR. The first nam-
in [ 2] that the sequence {Tn(xs;O,l)}:=] is decreasing for
This is equivalent to the inequality

nS+1(n+I)S-+nS(n+l)S+1

s
. 3
(n+1)S+1 -nS+1

>

% (s > 1).

. part of this paper we show that for fixed m ¢ IN the se~
)}n=l is convex, i.e.

'm. ml m‘
730,1) < Tn-l(x 30,1) + Tn+1(x ;0,1).

implies that the sequence {Tn(f;O,b)}:=1 is convex if the
of f around the origin converges in [0,b] and has non-

ents. The convexity of the sequence {Tn(xm;O,l)}:=1 is

g a suitable function ¢ (y) such that
m
= Tn(x :0,1)
¢"(y) > 0 for vy > 0, so that ¢ is convex.
d part of this paper we prove that for fixed s < 0 the se-
)}:=] is logarithmically convex, i.e.

' s s
;a,b) < Tn—l(x ;a,b)Tn+1(x ;a,b), (0 <a<b; s<0).

p of this prove lies in establishing the convexity of the




hich implies the log —convexity of {Tn(exx;a,b)}:=1 for all » e R
1

. CONVEX APPROXIMATION OF J xMdx, (m ¢ IN).
0

.1. Preliminaries; statement of the Theorem

Let f: [0,1] - IR be twice differentiable with continuous secc

ative. Then we have by the Euler-Maclaurin summation formula

II“

T (£) £ T (£50,1) = —{—— £(0) + Z f(—-) -5 LE()) =

k=0

f(x)dx +

B|—

n
oY

n
[ (x -[x] —%)df(—i—).
0

et the function 6(t) be defined by
t .

1) p(t) = - J (x -[x] —%)dx, t € IR.
0

iince 8(t) = 0 for t € Z we can write

T_(f) £(x)dx - —15 £ &de o) =

|
|

= _1 u X
= | £f(x)dx + 3 f (n)e(x)dx
n
Now define
t
6.(t) = — | £"@ox)dx £>0
. f t3 't 9 °
0

(3

f £ is four times differentiable and if f'"(1) = (i) = 0, then

1as a continuous second derivative for t > 0, satisfying




1
pu() = = f (126" (w) +8uf 3 (w) +u2e @ ()6 (tu)du.
t
0

Let m ¢ N, m =2 5 and put

g () = (1-0™ .

def . m-1, _
that, by symmetry, Tn(m) == Tn(x ) = Tn(gm(x)), so that

n
1 I n X
Tn(m) ==+ [ gm(;)e(X)dx.
%0

(3) . . def
n = = _—
vgm(l) =8, () 0, the corresponding function ¢m(t) ¢gm(t)
fies
t ¢ (t) _
— 2 - [ {(m2’+m)u2 - 8mu +12}(1 —u)m SG(tu)du.
(m—-1) (m—2)
0

We intend to prove
EM 1. For every m ¢ N, the sequence {Tn(xm_l;o,l)}z=1 18 convex.

We shall prove this theorem by showing that the right-hand side of (2),

hus ¢;(t), is positive for m = 9 and t > 0. Since by Taylor's theorem
- = _1_ " n
opm+1) + 6 (m=1) =2 (n) + (o0 () +¢"(t,)),

t1 € (n=1,n) and t2

se0058 WE express Tn(m) by means of the Bernoulli polynomials (Com—

€ (n,n+1), this implies Theorem 1 for m > 9. For
for example [1]):

1 m -2k

T m) == ) (, )B n
n m 0<k<in 2k’ 72k
.= ly...,8, the theorem can be verified directly by this formula. So

sufficient to show that for t > 0 and m = 9




1
(3) f {(m2+m)u2 —8mu + 12} (1 —u)m~56(tu)du > 0.
0

1.2. Some Lemma's

LEMMA 1. Let o(t) be defined by (1). Then

a) 0 is periodic with period 1.

b) e(t)=-%-t(1—t) for 0 <t <1,

c) o(t) s%for all t € IR; a(t) 5-1—16—t for t 2 2,

& Spe(e) ——]-lz-)dt =0 forne Z.

&) il - 8(r)de ;-2—]‘/%<ﬁ.

PROOF. By straightforward verification from (1). g

LEMMA 2. If 0 < a s—%-cmd 0 <t < 2, then 6(at) Z%te(Z

PROOF. Since 0 < at < 2a < 1, we have f(at) = %at(l -at

Since 0 < t £ 2, we then have

1 1

6(at) = yat (I -at) > zat (I -2a) = %te(Za
LEMMA 3. If'OSaS—IB-andZStS6, then 6(at) s%te(
PROOF. If at < 1 we have by t = 2
1 1 1
g(at) = —z—at(l -at) < —z—at(l -2a) = Ete(Za

If at > 1, then since | < at < 2 and 0 < 2a < 1

to(2a) - 28(at) = at(l =2a) - (at-1)(2-a

(at)2 - 2(1 +a)at + 2

(at)? - 2(1 +a)at + (1+a)° > 0. 0

v

LEMMA 4. Ifazi—and05xs2, then



de

xa(X) 6 (at)dt = x2/32.

|=
O—N

IA

. Suppose 0 < ax 1. Then we have

X ax ax
X, () =Je(at)dt=-:—l Je(u)du=% f Ful -
0 0 0

]

1 20 1 2 .. I
—1—2-x(3ax 2(ax)”) -——l—zxa(B 2ax) 2-—1—2

2 lemma holds if a > 3/8. But if a < 3/8 we have that

ax) = 3/2. Hence

X
IR o 1,23 1.2
J p(at)dt = 75 ax (3 =-2ax) 2 X 3 35 X -
0
se that ax > 1. Then by lemma 1(d) and 1(e)
X ax ax
- x .1 gy = X1
J g(at)dt = ]—2+ 2 f (8 (u) 12)du =173
0 0 [ax]
X 1 1 1 2
> 17 " T20a = *G47 "1209) = ¥ /32
x < 2. g
5. For m 2 9 we have
6
I(m) 2&£ f £t =2) (£ -6) (1 —t/m)™ dt > 0.
0

. Integration by parts reveals that

2
_ m [ _ _6m=-3 _ 16m _20m
I(m) = (m-3) (m—4) 1]2 24(1 m) m-2 m-2(
6m2 6In2 6 ,m-1]

e @hen ¢ [




y direct calculation one may verify that I(m) > 0 for m = 9,.

. . . . -6
1 -6/m)m increases to its limit e we have

o [, 14 _ 8 N
(m=-3) (m~-4) |° m-1 @@1)@2)

I(m) >

+

«.520

3 3 3
_ [ 24m” | 20m 6m \ e—6}.

\@6)°? @2 @6? (@) @2) -6/

ince the form in curly brackets { } is monotonically increasing in

5 positive for m = 21, the proof is complete.

.3. Proof of the Theorem

def

Put hm(t) == (t-2)(t-6) (1 —t/m)m_s. We shall prove that for a

29

6

J hm(t)e(at)dt > 0.
0

>

ince hm(t)

hm(t)e(at)dt > 0,

o———8

> that, putting u = t/m and y = am,

1
J (m2Y2 =8mu +12) (1 -u)m_se(uy)du > 0,
5 .

0 for t 2 6 and since 6(t) =2 0 for all t, (4) implies

1ich implies (3) and the Theorem. Hence it is sufficient to show (

ippose that 0 < a < %u By Lemmas 2 and 3 we have

6 2 6
J hm(t)e(at)dt > { f + f } hm(t) %-te(Za)dt =
0 0 2
6
= %—e(Za) J thm(t)dt > 0,
0

7 Lemma 5.



So let

, we h

ve tha

hm(t)

) by L

v

9,

An ine

Theor

n writ

and as before, put xa(x) = fg g(at)dt. Si

at
2 2 2
def _ _
== J hm(t)e(at)dt = J hm(t)dxa(t) = J X
0 0 0
) is decreasing for 0 < t < 2, We thus hav
2 t2 2 .
> —J 37 dhm(t) = J hm(t) 16 dt.
0 0
or 2 < t < 6 we have by Lemma 1
6 6
def t
= J hm(t)e(at)dt 2 J hm(t) 3 dt.
2 2

6
£)o(at)dt = T, (@) + T, (@) > —11-6- J th (t)dt
0

ting the proof of Theorem 1.

y for Tn(m); conclusion

eads

m) + Tn+l(m) > 2 Tn(m), (m,n ¢ IN; n 2
1 -1 1 -

an+](m) = ann(m) + E—nm + -2--(n+1)m l,

above inequality as

(/ n \m_z . / n \m\ § 1 nm—l 1 nm—l

() =

hm(t).

emma 4




2l e )® 4+ 2(n

(n+1)m'nm -2

1
Tn(m) Z'E

The method in this section can b
or s <9 and s ¢ IN we cannot prove

upports the following stronger conje

onjecture. For any fixed real s > 1

thmically convex.
. LOGARITHMICALLY CONVEX APPROXIMATI

.1. Preliminaries

A sequence {an}:= is called log

1
2 0 for all n € IN and if a2 <a _
bn}n=] are log—convex then {Pan}n=l’

og—-convex. The first two results are

eans of the Cauchy-Schwartz inequali

EMMA 2.1. Let {An(t)}:=1 be a log-co
(t) = 0, then the sequence {bn}:=1,

B
b = f p(t)A (t)dt, (
.

s log—convex.

ROOF. Write an(t) /An(t). We have

p(t)An(t)dt)2 <

330"\3
]
~
Q ™ .

B B
fp<t>afl_1<t)dt f p(

o o

IA

-1 +nm--l(n_l)m

l+nm(n_l)m

. s .
v functions x° with s = 9.

wever, numerical evidence

:{Tn(x%O,l)}:=] is logar-

X, s > 0.

convex (or log—convex) if
ln=>2. If {a } . and
- n n=1°°
’nbn}n=] and {an+bn}n=1 are
e last one is proved by

- we have

e for each t € [a,R). If

(t)an+1(t)dt)2 <

- bn-lbn+1'




. =Ax ©
Convexity of {T (e "“;a,8)} _,

The following lemma is essential.
. 2.3. The function

1
X
K(x) = e +1 +

1
X
fies

(log K(x))" = 0.

. Define ¢(x) = log K(x). Observe th

W=

1 4 2( )
6" = =~ = 1
® 3, x_ % 4 TX,\2
x (e"-e ) x )
ng u = é-we need to show that for u
4u 2u2(eu-+e_u)
1 - + >
u -u u  -u.2
e -e (e -e )
quivalently, that
e4u - 2e2u + 1 - 4u(e3u —eu) e3u +eu) > 0.
eft-hand side is an entire function ith power series e
ot n
I e,
n=0
Now observe that g = ¢ T 0 and tha n=2
e =y -2 una™ !y -1)3"72 s 2n(n-1)).




;nce ¢, =0, ¢, =0, ¢c, =2, c_ =4, ¢, = 77/18. For n = 7 we have

2y

n!cn > —l+n3n.-1 +2n(n-—l)3n_2 = 2n(n-7)3"" 0,

y that c 20 forn=0,1,2,... . This proves (6) and the lemma.
We now prove

[EOREM 2. Let X € R be fixed and let (a,b) c IR. Then the sequenc
A o
(T (" 58,00}

i logarithmically convex (im n).
\O0F. Put A = b —a. We have

n—-1

T (eMia,b) = <1 ) eMarka/n) | Mar(k+)a/n),
n 2n
k=0
_1 paetor oan MRy,
2 AA n AA/n
e -1
1 Xa, AA . ..
nce §-e (e"" =1)/AA is positive, we must show that the sequence
n (o]
KGO,

log-convex. For A > 0 this follows from Lemma 2.3. For A < O obse

at K(x) = K(-x). For A = 0 the theorem is trivial. 0

2. The main Theorem

EOREM 3. Let s > 0 be fixed and let b > a > 0. Then the sequence

-5 o
{Tn(x ;a,b)}n=]



11

garithmically convex.

. For s > 0 and x > 0 we have
T'(s) = J e_uus_ldu = x° I eaXtts_]dt.
0 0

at

Tn acts as a linear operator, we have for 0 < a < b

J Tn(e_Xt;a,b)tS_ldt.
0

-s _
.Tn(x :a,b) = O

Xt

each sequence Tn(e- ;a,b) is log—-convex, the theorem follows direct-

om Lemma 2.1. g

Theorem 2.1 can be generalized as follows. Let {ck}:=1 be a sequence

al numbers such that

f(x) = k

o~ 8
)
]

k

k=1

nvergent for x € [a,b]. Then

[ o C
. Z -k, - k [ Xt k=1
T_(f3a,b) = Z ¢, T (x 3a,b) = ] @ \ f T (e~ a,b)t dt/
k=1 k=1
0
=Xt
= J g(t) Tn(e ;a:b)dt’
-0
o Ck k-l + .
g(t) ='k§I'F?E7 t . If g(t) converges for t ¢ IR and is non-nega-
on Hf} then it follows that Tn(f) is log—-convex.
2m+1 2 2m
1E. Let £(x) = J  (D*"'%7*. Then g(t) = 1 R

k=1



i~

2m+1 .
ince e t. g(t) - T T e " for some n € (0,1) by Taylor's theorem, we

ind that g(t) > 0 for all t ¢ Hfl So {Tn(f;a,B)}:=] is log-convex. The

yove argument can be directly extended to functions of the form

-s
c, X
1

f(x) =

Il o~1 8
b
=~

k

lere 0 < s, < s, < .,,. are real numbers, the c, 's satisfying similar cond-

1 2 k
:ions as above. The reader will have no difficulties in constructing an

itegral analogue of the above generalization of theorem 2.1.
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